Abstract. We study in this work the dynamics of a granular impurity immersed in a low-density granular gas of identical particles. For description of the kinetics of the granular gas and the impurity particles we use the rough hard sphere collisional model. We take into account the effects of non-conservation of energy upon particle collision. We find an (approximate) analytical solution of the pertinent kinetic equations for the singleparticle velocity distribution functions that reproduces reasonably well the properties of translational/rotational energy non-equipartition. We assess the accuracy of the theoretical solution by comparing with computer simulations. For this, we use two independent computer data sets, from molecular dynamics (MD) and from Direct Simulation Monte Carlo method (DSMC). Both approach well, with different degrees, the kinetic theory within a reasonable range of parameter values.
Introduction
The dynamics of matter composed by large sets of macroscopic particles (sizes larger than ∼ 1µm [1] ) has always been of interest [2, 3] since particulate matter is present, under a huge variety of forms and composites, in many human-activity and natural processes. Moreover, the activity of this research field has grown enormously over the last decades [4] [5] [6] [7] , becoming an important area of study in the field of soft matter physics [8, 9] . In particular, the control of granular dynamics has a large impact on a variety of industries, including some high-technology related interesting studies [10] [11] [12] . It is worth to mention also that one of the most ubiquitous problems in granular dynamics related industry is the selection of mechanically peculiar particles in a set of otherwise identical grains; i.e., granular segregation [13] .
The handling of grains usually requires mechanical input. A variety of mechanisms may be used, of which vibration [14] and air-fluidization [15] are the most common procedures in both fundamental research and granularmatter-related industry. Furthermore, the study of granular matter represents an important challenge for fundamental physics since it has been known from quite some time that soft matter [8] theories in which the basic constituents are of molecular/atomic nature (and thus particle collisions are elastic) can eventually apply in a generalized form to granular dynamics. Examples range from symmetry breaking processes like the one described in the KosterlitzThouless-Halperin-Nelson-Young (KTHNY) theory [16- e-mail: fvega@unex.es 18] (the so-called hexatic phase [19] has also been found in granular systems [20] ) to kinetic theory of gases or hydrodynamics [21] at the level of both the associated transport coefficients [22] [23] [24] and the hydrodynamic phenomena [25] .
We focus here on the kinetic theory aspects of the granular gas dynamics (a low density and thermalized granular system). It is nowadays widely accepted that a low density granular system can be accurately described by either the Boltzmann equation (low density) or the Enskog equation (moderate density), in its inelastic version [26] . It was P. K. Haff who conceptualized the so-called granular gas, defining mathematically its reference state as well, back in 1983 [27] . Haff defined this state as a system of macroscopic particles at low density that undergo inelastic binary collisions. The system is isolated and its initial state is spatially uniform, this uniformity being preserved in time. This produces a continuously decaying uniform temperature. The cooling rate of the system, as Haff showed [27] , depends on the degree of inelasticity in the collisions. This is nowadays known as Haff's law [28] , and his reference state for the granular gas is known as the homogeneous cooling state (HCS). The HCS has become the theoretical basis for the development of the kinetic theory of granular gases. There is actually a rigorous experimental proof of the existence of the HCS and the accuracy of Haff's law [29] .
As we know, the kinetic theory of non-uniform gases accounts for the transport phenomena of non-equilibrium states [30] . Starting out of the work by J. C. Maxwell for a gas under equilibrium state, this theory was laid by D. Hilbert [31] , who set several key mathematical concepts (notably, that of the normal solution, to which the nonuniform gas tends after a quick transient, regardless of the initial state). Afterwards, the theory was simultaneously developed and extended by the works of S. Chapman, D. Enskog and D. Burnett [31] [32] [33] , and finally Ernst and coworkers developed the Enskog theory for denser systems [34] . Years later, these theories were extended also to the granular gas [22] [23] [24] 28] , finding consistently the corresponding set of transport coefficients. This, in turn allowed for the deployment of a generalized fluid mechanics, able to additionally describe steady granular flows far from equilibrium.
All of these studies have referred to the simple smooth hard sphere collisional model. However, several important experimental features of granular collisions can only be captured with a more elaborate collisional model [35] . In particular, particle spin (i.e., the grains angular velocities) can have an important role in the global properties of the granular gas dynamics [7] , see Fig. 1 . A rough hardsphere collisional model with two velocity-independent coefficients (tangential, β, and normal, α, restitution coefficients) seems to describe more accurately a generic collision between two dry grains [36] .
For this reason, and now taking into account the particle rotational degrees of freedom, more recent theoretical studies have revisited homogeneous states like the HCS [37] [38] [39] [40] , or the steady state produced by a uniform stochastic thermostat [41] . In particular, a recent work [38] develops results for binary mixtures. This includes the case where one of the species is present in a very small proportion, as compared to the other species (the so-called tracer limit). This situation (the tracer limit for a binary mixture of inelastic rough hard spheres) is the one we analyze in the present work. The objective of this work is to present a comparison between the existing theory for this system and new simulation data, obtained from Monte Carlo simulation (direct simulation Monte Carlo method, DSMC) of the Boltzmann-Lorentz equation for the granular impurity and also from molecular dynamics (MD) simulations.
Theory and simulation outline
where i, j = 1, 2, according to the particle species [36, 38] . Therefore, the relative velocity between colliding particles would be w i j ≡ w i − w j . In addition to taking into account that linear and angular momentum must be conserved upon collisions, we consider the following relations between pre-collisional and (primed) post-collisional relative velocitiesσ
where the former relation stands for the normal component and the latter for the tangential components. Coefficients α i j , β i j are the so-called normal and tangential coefficients of restitution. In general, their values depend on the type of binary collision, that in our system can be either gas-gas (α 22 , β 22 ) or impurity-gas (α 12 , β 12 ), since in the tracer limit, impurity-impurity collisions are statistically rare events and thus they can be neglected [42] . In our collisional model, the coefficients of restitution are independent of the relative velocities of the collision pair. The kinetic equations for the granular gas and the impurity respectively
Here, J i j are the binary collision operators, defined as follows (double primes indicate pre-collisional velocities) [38] 
For solution of the kinetic equations (3)- (4), we may use a multi-temperature Maxwellian form of the velocity distribution function that incorporates non-equipartition of the translational and rotational mode [38, 43] :
It is also interesting to recall the definition of the energy production rates
These rates are related to the total cooling rate ζ as follows
By introducing this form of the distribution function in (3)-(4) and multiplying by v 2 , ω 2 , we obtain the evolution equations for the translational and rotational temperatures of both species (see [38] for more reference)
In the tracer limit, for the impurity we can calculate the functions ξ , κ 1 , m 1 /m 2 , α 12 , β 12 , α 22 , β 22 ) (for the other species can be found in [38] ).
A normal state with all energy production rates equal (ξ
2 ) is reached after a short transient. In this state the complete time dependence scales with T (because this state is actually the HCS [27, 38] ). We have solved equations (9) for this state, obtaining the rotational and translational temperatures of both species. In the tracer limit the abundant species is decoupled from the impurity and the impurity production rates contributions come only from gas-impurity collisions, which in our case can be done analytically. The temperature ratios T [38] .
We compare our analytical results with an exact numerical solution of (3)- (4), obtained from the Direct Simulation Monte Carlo (DSMC) method [44] . DSMC was implemented as usual (details can be found elsewhere [42] ), taking into account roughness in the collisions. Additionally, and since in the kinetic equation and hence in the DSMC method the molecular chaos assumption is inherent, comparison with molecular dynamics (MD) simulation results are insightful and for this reason we also implemented this computational method, by using an event driven algorithm for inelastic rough hard spheres [45] .
We discuss the results in the next section. 
Results and discussion
We present in Fig. 2 the results of the theory (lines) compared to DSMC (solid symbols) and MD simulations (open symbols) for the case of constant particle mass density (m 1 /m 2 = (σ 1 /σ 2 )
3 ), uniformly distributed inside all particles (κ 1 = κ 2 = 2/5). For simplicity, we chose equal tangential and normal coefficients of restitution for all types of collisions; i.e., β 22 = β 12 and α 22 = α 12 . As we see in this figure, a good agreement is obtained between theory and both DSMC and MD simulations, for all the range of relative sizes of gas-impurity particles represented here. Even in the context of the multi-temperature Maxwellian approximation used in (6), the good agreement could be expected since it has been already been observed for a mono-component granular gas of rough particles that temperature is not very sensitive to the details of the high-energy tails of the velocity distribution function. In a forthcoming work, we will present more cases, extending the results presented here.
